The math of low pass filtered PWM

Abstract
This is a deep dive into the math of low pass filter with driven by a square wave.
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I. INTRODUCTION

I have been using Arduino UNO for various projects. Unfortunately it lacks a proper analog output, and
requires a low pass filter to convert its pulse width modulated (PWM) signal to analog voltage. It is a simple
RC circuit, but the values of the resistor and capacitor need to be selected carefully to avoid fluctuations.
This is a mathematical analysis of the circuit to derive the exact equation for the output voltage.

A. The RC circuit

The circuit is very simple, and it consists of only two components.
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Figure 1: The RC circuit driven by an input voltage.

Kirchhoff’s Voltage Law results in the following equation:

—v(t) +i(t)R + v.(t) =0, (1)
where the current ¢ can be eliminated using the charge conservation equation:
dQ dv,
i(t) = — =C—. 2
it) = — o (2)
Therefore the equation we need to solve becomes
dv,
v(t) + RC CZ + () = 0. (3)

II. SoLvING THE DE

There are multiple ways of solving Eq. . For example, if we are interested in the steady state solutions
only, we can simply use fourier series expansion. In this analysis, I will want to keep track of the initial
conditions and provide a complete solution using Laplace transformation, which is defined as follows:

Fio) = 1] = | Sdte ), (4)
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where I follow the convention of denoting the functions in the s space in capital letters. The transformation
of the derivatives can be derived from the definition:

dj *° dj *° d d
L Llﬂ :/0 dt [e”dﬂ :/0 dt [dt [e™*'f(1)] — f(t)@e*” = sF(s) — f(0) (5)
Eq. in the s domain reads:

—V + RC (sVe —vc(0)) + V. =0, (6)

where v.(0) is the initial value of the voltage across the capacitor. We first need to calculate V, which is
the transformed PWM signal. The PWM can be parameterized by two parameters: The period T and the
duration of maximum value 7, as illustrated in Fig. 2}
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Figure 2: A square wave with the duty cycle of 7/T.

Note that Fig. [2]is nothing but a periodic placement of the following function:

vg for 0 <t <,
t) = 7
fo(®) {0 elsewhere (™)

The square wave can be written as

o) = 3" folt—n). (5)

n=-—oo
We can now transform it as follows:

vV o= [,[v(t)]:/ooodt l@”Zfo(t_nT)
n=0

o0 o0

_ ZefsnT/

n=0 —nT

dr’ [e’”/fo(t’)}
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> T > 1—e
Z e—snT/ dt/e—st fo(t/) = Ze—s nT , (9)
n=0 0 n=0 s

where the range for fj integration is truncated to 0 — 7 since fy vanishes elsewhere. If we really wanted, we

could evaluate the sum ZZO:() e—snT = 1_@%”, and if 7 = T'/2, this would result in a compact expression
for V:
v l— e=sT/2 v 1—esT/2 v 1 (10)
r=r/2 s l—eT s (1—esT/2)(1+e5T/2) s 1+4esT/2

However, since we want to look at a generic PWM case, we’d better keep the sum as is. In fact, it will be
more useful when we inverse Laplace transform. We can extract one more nugget of information from Eq.
@D by looking at the limit:

= 1—e™°7 T

1 _ e—ST
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lim sV (s) lim svo ) Oe . vo lim 7 =~ vy, (11)
-

which is the average value (duty cycle) of the wave.



Inserting the expression from Eq. @D into Eq. @ and solvig for V., we get

vo N onT o RCu.(0)
= ————— 1 —_— —
v s(Rcs+1);)e I=e™)+ Ros+1
1 1 §°° : —snT —s(nT+T) 1
UOL 8+}%10-:|n:0|:e ‘ ]+U()3+Rlc (12

In order to inverse transform V., we will make use of the following property:
L1 [em*F(s)] =ult—a)f(t — ), (13)

where u(t) is the unit step function. Furthermore, we know £7! [1] = u(t) and £7! [ﬁl_—] = u(t)e ®o.

Using these identities, we get:

o0

velt) = £ V] =Y [u(t —nT)(1—e R ) —u(t —nT —7)(1— e R )] + v (0)u(t)e o, (14)
n=0
III. VISUALIZING THE SIGNALS
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Figure 3: The input signal PWM and the voltage accross the capacitor(v.). This is a static copy, find the
interactive HTML-document here.
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