Diffraction
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This post explores the physics and mathematics of diffraction, a fundamental
wave phenomenon that limits the resolution of optical instruments like telescopes.
Starting from Maxwell’s equations, we derive the wave equation in free space and
develop the mathematical framework using the Huygens-Fresnel principle. We ex-
amine how light waves interfere through apertures, leading to characteristic diffrac-
tion patterns. The analysis includes interactive visualizations that demonstrate
how parameters like aperture size, wavelength, and distance affect the resulting
intensity distributions. Special attention is given to Fresnel integrals, which are
essential for calculating these diffraction patterns.

blog: https://tetraquark.vercel.app/posts/diffraction/
email: quarktetra@gmail.com

A point source in the sky observed by a telescope will appear as a blob due to the diffraction
of light. The diffraction limits the resolution of a telescope. In this post we will take a closer
look at the physics and mathematics of the diffraction. Figure 1 illustrates self interfering light
creating a pattern on the screen[1].
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Figure 1: Cross-section diagram of the aperture stop and the screen.

The proper mathematics to study the diffraction is pretty intense, and we are going to build
gently towards the full treatment. Let us start with a light source in free space and understand
the propagation of waves.

Wave equation

We will need the Maxwell’s equations, which are shown below:

Gauss’ Law for electric fields: E = o (1)
0

Gauss’ Law for magnetic fields: -B = 0, (2)

Faraday’s Law: xE = —%—]?, (3)

Ampere’s Law: xB = pgJ+ ,uosoaa—]it). (4)
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Consider the Maxwell’s equations away from the sources ( J = 0 and p = 0). Lets take x of

Eq. 3:

We need the following vector identity:

( x[ xE)) = éireltmp o E, = (56 — §m§) 9,0,F,, = ' ( -E) — 2E".

Using the Ampere’s law from Eq. 4 with J =0 , we get

82
(MogoatQ - 2) E — 0

(5)

(6)

(7)

This is a wave equation with speed ¢ = ——, which is the speed of light. This shows that

Vo€’

any change in the electric fields will travel at the speed of light. If we really wanted, we could

do the identical derivation for magnetic fields.

We would like solve the wave equation:
[V2 — 2] E(r,t) = 0,

where 7 = ct.

The spherical coordinates are illustrated in Figure 2.

Figure 2: Spherical coordinates.



In the spherical coordinates, the Laplace operator reads:
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However, the angle dependence drops out due to spherical symmetry.
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= ﬁ[TE(r,t)]—af [rE(r,t)] = 0, (10)

where we used the Leibniz’s formula:
dm "oy dFfdr g
dzm [f(x)g(z)] = (k)wm (11)

k=0

This is just like the one-dimensional wave equation, and we can find the solutions as incoming
and outgoing waves:

(9, +0,) (9, — 0,) [PE(x,1)]. (12)
The outgoing wave solution is

E .
E(I‘,t) _ A7;]4e—z(k:r—(.ut—O—zS)’ (13)

where k is the wave-number, A is the wavelength, w is the angular frequency, & is the polar-
ization, and J is the initial phase. We defined the overall coefficient such that the expression
actually represents the electric field surface density. The power radiated by the source is
proportional to E? and it behaves as 1/r?, which is the typical radius dependence.

Huygens-Fresnel principle

The Huygens—Fresnel principle[2], states that every individual point on a wavefront can be
treated as a point source. This principle is illustrated[3] in Figure 3.

Figure 3: An illustration of the Huygens’ principle.



Let’s assume that there is an aperture located at z = 0 and a screen at z = z,. Per the
Huygens—Fresnel principle, every differential area on the aperture can be considered as light
source, and we just need to integrate over the aperture surface. We will assume that the
distance to the screen is much larger than the aperture size. This enables us to be able to
expand the radial distance from a point on the aperture r’ to a point on the screen r:

— )2 _7\2
r—r'| = \/28+(06—~"3’)2+(y—y’)2:zo\/1+<$ f) LW 2y>

20 20

(z—a')*  (y—y')?
. 14
Pt 2z + 2z, (14)
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Inserting this back in Eq. 13 yields:

7zkz0 k(z z’ i le=z)? z/)2
da’dy' &y (2, y e >0 . (15)
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If the aperture is a rectangle, and the source is far away, i.e., £,(z’,y’) =~ constant the integrals
in Eq. 15 can be separated:

\/ 22 (b—zx) %(a—m)
= 20 / ’ e~ dy, — / ’ due=™" | . (16)
2k \ Jy o

Now we need to study these interesting integrals.

Fresnel Integrals

The Fresnel integrals are defined as follows:
t
S(t) = / drsinr?,
0

ct) = /Otdrcosr2. (17)

For a general value of ¢, the integrals need to be evaluated numerically. However, the asymp-
totic values C'(t) and S(t) can be calculated via the closed contour integral below:

I = %dze‘ZQ. (18)
C

where the contour C' is illustrated in Figure 4.
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Figure 4: The contour to evaluate the integral. The return path, v, is chosen such that the
integrand reduces to the regular Gaussian.

Let’s first evaluate the integral on v, in the limit R — oo:

R
L o= lim [ dre" = v (19)
0 R—o0 J, 2
where the details of the derivation can be found here. Now consider the (absolute value of the)
integral on 7yp in the limit R — oo:

™

lim R/4 d6€i9+isin(29)67R2 cos(26)

R—o0 o
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1
lim R deeieefRz (cos? B—sin? 0+2i cos O sin 6)
R—o00

0
z
lim R [ dfe B cos(20)
R—o0 o

< : (20)

Let’s try to put a bound on cos(26) in the range 0 < 6 < w/4. At cos(26)|,_, = 1 and
cos(20)]g_r;y = 0. We can draw a line that connects these two points: 1 — %9 Since
%COS(Q@) = —4cos(20) < 0 for 0 < 6 < m/4, we know that cos(20) < 1 — 2 in this
range. This observation is illustrated in ?@fig-cosplot.

//| echo: false
//| label: fig-cosplot
//| fig-cap: $\cos 2\theta$ and a bound on it with the line $1-\frac{4\thetal}{\pi}$

cosPlot = {
// Your existing plot div will be created and managed by Observable
const element = DOM.element('div');
element.style.width = "100%";
element.id = "cosPlot";
return element;
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We can now go back to Eq. 22 and make use of the bound:

lim R/ dfe— B cos(20)
0

R—o0

lim R / dfe—F*(1—-%2)
0

TR R—o0

lim ReRZ/ dhel* 7| < =£21)
0
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Finally, let’s look at the integral on 7; in the limit R — oo:

. 0 im 24w 141 . R 2 2 1+Z o 2 .. 2
I, = lim R [ drete ™2 =— lim dr(cosr? —isinr?) = dr (cosr? — isinr?)

7 R—o00 R \/i R—o0 J, \[

1 o
= - (/ dr cosr? / rsinrQ—H[/ drcoer—/ drsmr}) (22)
\@ 0 0 0

As we have computed individual pieces of the integral Eq. 18, we can assemble them and state
that they need to add to 0 since e s analytic everywhere. Therefore we have:

)
édzez =0 = I,YO—I—LYR—f—Lh

1 (o) (o) o0 o0
£ 40— — (/ dr cos r? +/ drsinr? +1i [/ dr cos r? —/ drsinr2]2>3)
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Matching the real and imaginary parts, we get:

f(/ dr cosr? +/ drsmr2) = \f,

(/ dr cosr? —/ drsmr) = 0, (24)
2 - .9 L

drcosrs = drsinr® = —,/—= =~0.626. (25)
0 2\ 2

Now we can conclude with the plots of the Fresnel integrals in 7@fig-parametricplot .

from which we get

S~
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//| echo: false
//| label: fig-parametricplot
//| fig-cap: "Left: Fresnel integrals as a function of their argument, Right: parametric plo

parametricPlot = {
// Your existing plot div will be created and managed by Observable
const element = DOM.element('div');
element.style.width = "100%";
element.id = "parametricPlot";
return element;

Going back to Eq. 16, we see that we can express it in terms of the Fresnel integrals:

b o 52 (b—a) /5= (a—=)
J = / da:'e_ik< 220)2 ) / o ei“Qdu—/ o due—
a 2k 0 0

SO {C(w) = C) +i[S(v) — S} (26)

where u = /5% (b —z) and v = /5% (a — ). Remember that the aperture is between a and
0 0

b with a span L = b — a. We can shift the coordinate system so that the aperture is centered
at 0 and it extends from a = —L/2 to b = L/2. Plugging this back in to Eq. 26 we get

7= R CEh) - @) +ilSE) - SEh} = 2T a,a), (27)

where z, =x+L/2and F(z,2%) = C(z*)—C(x™)+i[S(xz~)—S(2")]. This is the z integral.
We have an identical copy for y axis. Putting them together along with the overall coefficient
in Eq. 15 we get:

g 6—ikzo
Br) ~ 7@ T ), (28)

where y, =y + L, /2.

Interactive Plots

We can now take Eq. 28 and plot the intensity in ?@fig-intensityplot.
L, (pm)

L, (pm)
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//| echo: false
//| label: fig-intensityplot
//| fig-cap: "Intensity plot for various input parameters."
intensityPlot = {
// Your existing plot div will be created and managed by Observable
const element = DOM.element('div');
element.style.width = "100%";
element.id = "intensityPlot";
return element;
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