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When the function depends only on the difference of the parameters, we can simplify
the double integral using a clever change of variables. This technique is essential for
understanding the Wiener-Khinchin theorem and appears frequently in Fourier analysis.
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Introduction

I looked at this integral in its general form in an earlier post. However, I wanted to look at a
[t —t|
specific case where the function is e~ <« . This is a very common function in signal processing

and statistics, where « is a positive constant that controls the decay rate. We will also compute
the discrete version of the integral. Let’s first review the general form of the integral.

General form of the integral

T T
We want to compute the integral I = [, [2, dt'dtf(t' —t).
2 2

The argument of the function begs for a change of coordinates:

u=t —t, and v=t+"t, (1)

and the associated inverse transform reads:

u—+v and t:v—u‘

t =
2 2

This transformation will rotate and scale the integration domain as shown in Figure 1.
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Figure 1: The integration domain in the ¢ — ¢’ domain (left) and u — v domain(right). Since there
is no v dependence, v integration gives the height of the green and blue slices.

The equation of the top boundary on the right can be written as v = T — u, and on the left as $
v= T+u$. We can actually combine them as v =T — |u|]. We can do the same analysis for the
lower boundaries to see that the height of the slices at a given w is 2(T" — |u|). This will help us
easily integrate v out as follows:

T T
7 [z a(t,t)
I = dt'dt t’—t:// | dvd
/;/; £ 0= [ 5| s
T 1 T
= [ 2= b x dvduf(u) = [ duf(u)(T - Jul) )

T =T
where ’ggitqg = % is the determinant of the Jacobian matrix associated with the transformation in
Eq. 2.

Computing the integral

ul

l
Now let’s apply the general formula to compute the specific case where f(u) = e~ o . Using Eq. 3,
we have:

T _lul
I = /_Tdue 2T = [ul) (4)

Since the integrand is even, we can simplify this to:

I = 2/0Tdue—i(T—u) (5)



We can evaluate this integral by parts. Let w = T — u and dv = e_%du, so dw = —du and
V= —Qqe o

T L L T T u
/0 (T —u)e adu = (T—u)(—ae a)‘ —/0 (—ae a)(—du)

0
= T— — [ — 7Ed
( u)( ae ) ‘0 a/o e adu
w T
= [0-T(—a)] -« [—aea .
T
= ol —« [—ae_E + oz}
= aT+a2(e_g -1) (6)
Therefore:

I = 2[aT+a?(e s —1)]

= 2aT + 2042(6_g -1) (7)

Linear algebra / precision-operator approach

There is a beautiful connection to operator theory that mirrors the discrete AR(1) case. The kernel
le—t’|
e~"a has a precision operator (inverse) that is a local differential operator, just as the discrete

precision matrix is tridiagonal.

For convenience, let’s work on the interval [0,7] and define:

[t—s|

y(t) == (K1)(t) = /0 Tty (8)

Then the integral we want to compute is:

1 (7T 1 (T (T s
I(T):ﬁ/o y(t)dt:ﬁ/o /0 e~ dtds, 9)

Note: This gives a result that differs by a factor from the symmetric [-7/2,T'/2] case, but the
method is the same. The key insight is the “fancy” step: on the real line, the precision operator
acts as:



g d? '\ _li=sl
1—04@ e o =2ad(t—s), (10)

in the distributional sense. This is the continuum analogue of “K ! is tridiagonal”: the inverse is
local (a differential operator rather than an integral operator).

Now apply the operator L :=1 — an—; to y(t) = fOT K(t,s)ds:

Ly(t):/OTLK(t,s)ds:/0T2a5(t—s)ds:2a, t € (0,T). (11)

So y(t) satisfies the ODE:

y(t) — Yy’ (t) =22, 0<t<T. (12)

Because we'’re on a finite interval, we also get Robin boundary conditions. These drop out of the
integral definition by differentiating carefully at the boundaries:

1 1

y'(0) = —y(0), ¥(T)=——y(T) (13)

The general solution to the ODE is:
y(t) = 20+ Aet/* + Be 7t (14)

and the boundary conditions force:
A=—¢T/e B=-1, (15)

S0:

y(t) :a(2—67§ —67%) . (16)

Now integrate to get:



/OT y(t)dt = o (27 — 2a(1 — 7)) (17)

Therefore:

1 (T (T s 20 a\? T
I(T):TQ/O /0 e dtds:T—2(T> (1-e7). (18)

For the symmetric case [—1/2,T/2], a similar calculation with appropriate boundary conditions
yields the result in Eq. 7. This operator-theoretic approach elegantly mirrors the discrete case:
just as the discrete precision matrix is tridiagonal, the continuous precision operator is a local
second-order differential operator.

Kernel approach

We can derive the same result using Fourier analysis, analogous to the discrete case. Write the
weight function

k(u)=e o, wueR. (19)

Then the integral can be written as:

T
- [Tk(u)(T— | ). (20)

The Fourier transform of the weight function k(u) is the continuous Poisson kernel (also known as
the Cauchy kernel):

N o0 lul 2c
Elw) = Tae WUy = T 21
(w) /_OO e ae U= g o2 (21)

The Fourier transform of the triangular window w(u) =T — |u| for |u| < T (and zero otherwise)
is:

sin(wT'/2

2
W(w) = /_Z(T — |u|)e”“¥du = T2 ( T2 )) = T?%sinc?(wT'/2), (22)



where sinc(z) =

Si%. This is the continuous analog of the Fejér kernel.

By Parseval’s theorem (or the convolution theorem), we have:

[= 2 / (W) (w)dw = ~— / ¥ 2 g (Sm(“T/ 2)>2dw. (23)

~on oo 21 J oo 1 + a2w? wT'/2

This integral can be evaluated using contour integration in the complex plane. Let’s work through
the calculation step by step.

We have:
T2 [ 2 in(w?/2)\>
I= 7/ a (Sm(“ / )) dw. (24)
27 Jooo 1+ @?w? wT/2
Using the identity sin?(wT/2) = I_%S(MT), we rewrite the integrand:
7= oT? /OO 1 — cos(wT) ‘ (25)
T Jeso (14 @?w?)w?
Now write cos(wT') = M to split the integral:
aT? [ 1 aT? [ etwT aT? [ e~ wT
I= dw — dw — — —————5dw. (26
T /_oo (1+ a?w?)w? YT on /_oo (1+ a?w?)w? YT o /_oo (1+ a?w?)w? w. - (26)

For the terms with e*™7 we use contour integration. For €T, close the contour in the upper
half-plane (since T'> 0). The integrand has poles at: - w = 4i/a from 1+ a?w? =0 (only w =i/«

is in the upper half-plane) - w = 0 from w? in the denominator

The pole at w = 0 is actually removable when we consider the full expression, but we need to
handle it carefully. Let’s compute the residue at w = i/a:

6sz ein
Res| ————5—=5,w =1 = lm —
s ((1 + @?w?)w?’ “ 2/a> wsija (w+i/a)w?
oot et (27)
(2i/a)(-1/a?) 2
For the term with e=“7 we close in the lower half-plane and pick up the pole at w = —i/a:



o—iwT iae~ T/
Res<(1+a2w2)w2,w i/a 5 (28)

where the minus sign comes from the clockwise orientation of the lower half-plane contour.

The first integral (without the exponential) can be evaluated using standard techniques or by
taking the limit as T — 0 of the full expression. After careful calculation of all contributions, we
obtain:

I =2aT + 202 (e7T/* —1), (29)

which matches Eq. 7. Alternatively, we can evaluate it directly by recognizing that it’s the
convolution of a Lorentzian (Poisson kernel) with a squared sinc function (Fejér kernel) in the time
domain, which gives the same result.

Computing the discrete sum

Now let’s compute the discrete analog of this integral. We first defined a dimensionless step size A.
The relation to the original time period T is:

A= (30)

The measuure of the integral is dt, which converts to % in the discrete case, that is:

T2
dtdt' = < (31)

Therefore the discrete version of the integral we want to evaluate is:

1N—
Z —Ali—j] (32)

2\%
J':MZ

Similar to the continuous case, the sum depends only on the absolute difference k = |i — j|. For a
given k:

e When k£ = 0: ¢ = j, so there are N pairs
e When k£ > 0: For each i from 0 to N — 1, we have j =i+ k (when i+ k < N) and j =i —k
(when ¢ — k > 0)



— For j =i+ k: valid when ¢ < N — k, giving N — k pairs
— For j =i — k: valid when ¢ > k, giving N — k pairs
— Total: 2(N — k) pairs

Therefore, we can rewrite the sum as:

N-1

=

~_1N—

e~ Ali-il — N4 Z 2(N — k)e—Ak
i=0 j=0 k=1
N-1
= N+2) (N—k)e 2" (33)
k=1
Let’s do this in two pieces.
N-1 N-1 AN _ —AN-1)
1—e 1—e
—Ak —Ak —A
Si Ze Ze TR e TR (34)

And the second piece of this form:

N Ak N~ Ak 0 "~ sk 0 1—e 2N
= ke = ke = —— B = ——
% ,;1 ‘ kzo ‘ oA &= ° OA 1—c A

Al = NeeW=DA L (N —1)e~NA

= 35
‘ (1—e By (35)
Reorganizing the terms, we get the final result:
T2 [ 1 _ e~ (N-1A 1 Ne~(N-1A N — 1)e—NA
S = — N+2N€‘Ae——26_A ¢ + Je
N2 1—e A (1 _ e—A)Q
T2 1 —(N-1)A 1 — Ne—(N-1A N — 1)e—NA
= — (N + 2Ne_A) oNe AL T 9eA ¢ + Je
N2 1—e 2 1—e 4 (1—e5)2
T2 i 1 —A 1— —NA
= NS gea T T (36)
N2 | 1—e2 (1—e8)

We can replace A with % from Eq. 30. In the small A limit, we can approximate e~ as 1 — A.
Therefore:

NZ| A A2
= 207 —20* (1—e75), (37)

2 _Tr
T [21\7 2176 al

which is the same as the continuous result in Eq. 7.



A faster way

Let’s try in a different way by using the symmetry of the problem. We can sum over j from 0 to ¢
which resolves the absolute value since ¢ > j. When j > ¢, we can argue that these are dummy
indices and we will get the exact same result. So simply double that sum? Almost! That double
counts the ¢ = j case. So we need to subtract it.

T2 N—-1 i TQ N—-1 i
S = QW Z B_A(Z_]) — N = m 2 G_AZ Z BA] — N
=0 j5=0 =0 7=0
T2 N-1 1 A(i+1) 2 9 No1
= — (2 e~ Mz C -N|=— (efm—eA)—N
N2 Pt 1—eA N2 \1-—eA =

T2 2 [1—e AN A

= W\ |1 NN
T2 1— AN 1 —A

= o |2 -4 : 2 +€A ’ (38)
N (1—e2) 1—e

which is the same as the result in Eq. 36.

Linear algebra / AR(1) trick

There is a beautiful connection to linear algebra and autoregressive processes. The kernel e =2l
is exactly the covariance matrix of an AR(1) (autoregressive order 1) process.

Consider the N x N covariance matrix > with entries:

Sy =e A=l =01, N-1. (39)

This is a symmetric Toeplitz matrix. The unnormalized sum Sy =3, ; e~2li=il can be written
as:

Sy=1"81=)"%5, (40)
4,J
where 1 is the N-dimensional vector of all ones.

The key insight is that for an AR(1) process z,, = rax,—1 + €, with r = e~® and white noise €,
the covariance matrix has a tridiagonal inverse. Specifically, the precision matrix 37! is:



—
|
<
o
@)

—r 1472 —r 0
w1 — 0 —r 1472 0 (41)
0 0 —r 1

Using the matrix inversion lemma or directly computing 171, we can exploit the structure.
Alternatively, we can use the fact that for a Toeplitz matrix with entries rli=Jl the sum of all
entries can be computed by recognizing it as a geometric series in two dimensions.

A particularly elegant approach uses the Cholesky decomposition or the fact that > can be written
as ¥ = LLT where L is lower triangular. Then:

Sy =1TLr"1 = || L1 (42)

Computing LT1 explicitly and taking its squared norm yields the same result as Eq. 36. This
linear algebra perspective connects the discrete sum to covariance matrix theory and provides
computational advantages for large V.

Dirichlet kernel

There is an elegant approach using Fourier analysis. Write the weight sequence

kn=7", nez, (43)

where 7 = e™®. Then the unnormalized sum (without the %—22 factor) is:

N-1

SN:Zki_jz > (N = |n])ky. (44)

n=—(N-1)

Now use Fourier series: the discrete-time Fourier transform of k,, is the Poisson kernel

2 = ; 1—r?
k(0) = nle=in® — : 4
() Z e 1—2rcosf + r2 (45)

n=—0oo

Also, the Fourier transform of the triangular window (N — |n|) is:

10



N-1 N—1 2 ) )
i i sin(ING/2
n:%j“)(N— In|)e~in? — mzzjoe—me _ (m(lw/é))) | 8)

which is the square of the Dirichlet kernel, also known as the Fejér kernel.

Therefore, by Parseval’s theorem, we get the harmonic analysis identity:

1 1—7r2 sin(N9/2)\?
= — do. 4
SN 27 J_x 1 —2rcosf + r? ( sin(6/2) ) (47)

This is already a fancy closed form: it’s the Poisson kernel convolved with the Fejér kernel.
Evaluating the integral (e.g., by residues, below) gives the explicit formula.

Take the integral in Eq. 47 and set z = €', so df = %2 and cosf = 3(z + 27!). The Poisson kernel
becomes rational:

1—r? 1—72
1—2rcosf+r2 (1—rz)(1—1/2) (48)
Also,
N-1 2 _N N N e
m| _(l—2 1—=2 _(1_Z )(1—2"N)
= _<1z1><1z>‘ 1-21-=10" (49)
So

1 1—r? (1-2M1-2"")dz
SN = 2mi 7{Z|:1 (1—r2)(z—7) Q1—2)(1—-271) =z~ (50)

Everything is rational; the poles inside |z| = 1 are at z = r (since r < 1) and at z = 0 plus the
removable/simplified behavior near z = 1 coming from the Fejér-kernel factor. You can do the
residue calculation cleanly and it collapses to the same closed form.

The result (after simplifying) is:

r rilL— ’f’N
Sy = Nil_"t“ ) . 2((11_ T)2 )’ r— e—A‘ (51)

Multiplying by the measure factor %—22 from Eq. 31 and using 7 = e~® with A = alN from Eq. 30,
this matches the result in Eq. 36.
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