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The Thomas-Reiche-Kuhn sum rule represents one of the most elegant and fun-
damental results in quantum mechanics, connecting classical and quantum descrip-
tions of atomic oscillators. This sum rule states that the total oscillator strength
for all possible transitions from a given atomic state equals the number of electrons
in the atom.
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In perturbation theory, one frequently encounters the following summation:

𝑆 ≡ ∑
𝑚

(𝐸𝑚 − 𝐸𝑛)|⟨𝑚|𝑋|𝑛⟩|2 (1)

where |𝑚⟩ and |𝑛⟩ are eigenstates of 𝐻 = 𝑃 2/2𝑚 + 𝑉 (𝑋), and we want to prove that the
summation is equal to ℏ2

2𝑚 .

We first convert 𝐸𝑚 − 𝐸𝑛 term into a commutation as follows.

(𝐸𝑚 − 𝐸𝑛)⟨𝑚|𝑋|𝑛⟩ = ⟨𝑚|[𝐻, 𝑋]|𝑛⟩ = ⟨𝑚|[𝑃
2

2𝜇 , 𝑋]|𝑛⟩ = −𝑖
𝜇 ⟨𝑚|𝑃 |𝑛⟩ (2)

So we have,

𝑆 = −𝑖
𝜇 ∑

𝑚
⟨𝑚|𝑃 |𝑛⟩⟨𝑛|𝑋|𝑚⟩ = −𝑖

𝑚 ⟨𝑛|𝑋| ∑
𝑚

|𝑚⟩⟨𝑚|𝑃 |𝑛⟩

= −𝑖ℏ
𝑚 ⟨𝑛|𝑋𝑃 |𝑛⟩ (3)

Note that 𝑆 is manifestly real from its definition, so we can add up its complex conjugate
which will simply double it.

𝑆 = 𝑆 + 𝑆∗

2 = −𝑖ℏ
2𝑚 ⟨𝑛|𝑋𝑃 |𝑛⟩ + 𝑖ℏ

2𝑚⟨𝑛|𝑃𝑋|𝑛⟩

= ℏ2

2𝑚⟨𝑛|[𝑋, 𝑃 ]|𝑛⟩ = 1
2𝑚 (4)
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Let’s test the sum rule on the 𝑛th state of the oscillator. For the harmonic oscillator,

𝑆 = 𝑤 ∑
𝑚

(𝑚 + 1/2 − 𝑛 − 1/2)|⟨𝑚|𝑋|𝑛⟩|2

= 𝑤 ∑
𝑚

(𝑚 − 𝑛) ℏ2

2𝑚𝑤 (
√

𝑛 + 1𝛿𝑚,𝑛+1 + √𝑛𝛿𝑚,𝑛−1)2

= ℏ2

2𝑚(𝑛 + 1 − 𝑛) = ℏ2

2𝑚, (5)

which agrees with the sum rule.
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